This work investigated a reinsurer's optimal investment strategy and the proportion he accepted for reinsurance under proportional reinsurance and exponential utility preference in the cases where the Brownian motions were correlated and where they did not correlate. The reinsurer invested in a market in which the price process of the risky asset is governed by constant elasticity of variance (CEV) model. The required Hamilton-Jacobi-Bellman Equations (HJB) were derived using the Ito's lemma from which the optimal investment strategy and reinsured proportion were calculated. Also investigated were the implications of the correlation coefficient.
Introduction
Among the social sciences which are designed for risk taking is insurance. On daily basis, people are exposed to infinitely many numbers of risks that affect their persons or their properties. The insured transfers his risks to an insurer, by paying a fixed cost called insurance premium to the reinsurer Also, insurers take insurance from another insurer, in this case called the reinsurer. Insurers and reinsurers use investment and reinsurance to balance their profit and risk.
Reinsurance is a transaction where the reinsurer agrees to indemnify an insurer against all or part of the loss that the latter may sustain under a policy or policies that he has issued having been paid the required premium.
In literatures many contributors have studied the maximization of the utility of terminal value or minimizing the probability of ruin for the insurer of which Brown [1] made the contribution of giving an explicit solution to the problem of a firm that maximized the exponential utility of terminal wealth and minimized the probability of ruin with its surplus process given by Lundberg risk model. Zhibin and Bayraktar [2] studied the problem of optimal reinsurance-investment problem in a constant elasticity of variance stock market for Jump-diffusion risk model obtaining the explicit expressions for the optimal strategies and value function whit they demonstrated using numerical examples to show the impact of model parameters on the optimal strategies.
Yang and Jiaqin [3] investigated the optimal investment-consumption-insurance with random parameter and discussed an optimal investment, consumption, and life insurance purchase problem for a wage earner in a complete market with a stream of Brownian motion.
Deng et al. [4] studied the optimal proportional reinsurance and investment for a constant elasticity of variance model under variance principle. They assumed that the insurer's surplus process followed a jump-diffusion process, the insurer can purchase proportional reinsurance from the reinsurer via the variance principle and invest in a risk-free asset and a risky asset whose price is modeled by a CEV model and obtain the techniques of stochastic control theory and closed-form expression for the value functions and optimal strategies.
Jianwei [5] considered the optimal investment strategy for annuity contracts under the constant elasticity of variance (CEV) model and derived the explicit solution for the power and exponential utility functions in two different periods, before and after retirement.
Ihedioha and Osu [6] worked on the optimal portfolios of an insurer and a reinsurer under proportional reinsurance and power utility preference in which the insurer's and the reinsurer's surplus processes were approximated by geometric Brownian motion with drift.
Li et al. [7] studied a time-consistent reinsurance-investment strategy for a mean-variance insurer under stochastic interest rate model and inflation risk and derived the time-consistent reinsurance-investment strategies as well as the corresponding value function for the mean-variance problem explicitly using numerical example.
Zhibin and Guo [8] considered the optimal proportional Reinsurance under two criteria-maximizing the expected utility and minimizing the value at risk and proved the existence and uniqueness of the optimal strategies and Pareto Open Access Library Journal optimal solution, and gave the relationship between the optimal strategies. Gu et al. [9] studied the constant elasticity of variance model for proportional reinsurance and investment strategies in which the claim process is assumed to follow a Brownian motion with drift, while the price process of the risky asset is described by the constant elasticity of variance model and obtain the optimal reinsurance and investment strategies.
In this study, we shall consider the case of a reinsurer assessing the impact of the correlation of the Brownian motions on the reinsurer's optimal investment strategy and reinsured proportion in the case the reinsurer's surplus process is approximated by constant elasticity of variance (CEV) model, and an insurer could purchase proportional reinsurance from the reinsurer.
We shall use the Ito's lemma to obtain the Hamilton-Jacob-Bellman (HJB) equation from which we shall obtain the reinsurer's optimal investment in the risky and the optimal reinsured proportion and investigate the correlation of the Brownian motions on them.
The Model Formulation the Model
The constant elasticity of variance (CEV) model is one-dimensional diffusion The constant elasticity of variance (CEV) model is giving as;
where µ is a long term rate of return, γ is the elasticity parameter satisfying 0
is the volatility, and
Z t is a standard Brownian motion.
Remark: Note that when the elasticity parameter γ equals zero, the constant elasticity of variance (CEV) model reduces to Geometric Brownian motion.
The Model
Let the claim process ( ) C t of an insurance company be governed by
where a and b are positive constant and
Z t is a standard Brownian motion
that is defined on a complete probability space
Let the premium rate be ( )
where 0 θ > is the security risk premium of an insurer who has obtained a 
Assuming an insurer has the permission to purchase proportional reinsurance from a reinsure and pays premium on continuous basis, at the rate of ( ) ( )
where 0 η θ > > is the safety loading, then the surplus of the reinsurer is given as
We also assume that both the insurer and the reinsurer invest their surpluses in the same market consisting of two assets; a risky asset (stock) and a riskless asset (bond). Let the prices of the risky and riskless asset be ( ) S t and ( )
B t
respectively, and the price mechanism of the risky asset is driven by the constant elasticity of variance model, given a
where μ denotes the appreciation rate of the risky asset and the
Z t is a standard Brownian motion defined on a complete probability space. The dynamics of the price of the riskless asset is given by the equation ( ) ( ) ( ) 
Substituting the expression for (1), (5), (6), and (7) respectively in Equations (8) , we obtain,
Employing the rule
Z t t Z t Z t Z t t Z t Z t t
the squared variation of the wealth process of the reinsurer is 
then the reinsurer's problem can then be written as
subject to
W t t t S t Z t W t t k t p t a t bp t Z
π γ π µ β π η   = + + −       + + .
The Optimization Programme
The optimal investment strategy and the reinsured are obtained in this section.
The Case of None Correlation of Brownian Motions
The application of Ito's lemma that states ( )
we obtain the Hamilton-Jacobi-Bellman (HJB) equation
where the rule
is applied.
In view of the homogeneity of the objective function, the restriction and the terminal condition, we make conjecture that the value function V must be linear
,
be such a function such that at the terminal date T,
From (18) 
kW t a p t t S t t b p t h
To obtain the optimal value ( ) * t π of ( ) t π we differentiate (21) with respect to ( )
This is the reinsurer's optimal investment in the risky asset (stock) that is horizon dependent.
Also differentiating Equation (21) with respect to ( )
from which ( )
This is the optimal reinsured proportion. It is also dependent on time.
The Case of Correlation of Brownian Motions
We substitute (9) and (12) in (15) to obtain
t Z t W t t k t t w V p t a t bp t Z t t S t w b S t t p t b p t t
for which we get the H-J-B equation 
k p t a V t t S t b S t t b p t V
( ) ( ) ( ) ( ) { } ( )( ) ( ) ( ) ( ) ( ) 2 2 2 2 2 1 2 ( ) 0 2 h t W t t
k p t a t t S t b S t t p t b p t h
The differentiation of (28) with respect to ( )
which when simplified gives the optimal value ( )
which is the reinsurer's optimal investment strategy for the risky asset. This is a function the risky asset's volatility and the reinsured proportion.
Also, when Equation (28) is differentiated with respect to (t), we get
from which we obtain the optimal reinsured proportion as
This is the optimal proportion the reinsurer accepts for reinsurance. It depends on the risky asset's volatility and the amount invested on the risky asset.
The Effect of Correlation of the Brownian Motions
This section expresses the impact of the correlation of Brownian motions as follows:
The Case of the Investment Strategies
We compare (23), when the Brownian motions do not correlate, 
Findings
1) The case of investment strategies: we found the investment strategies differ by the fraction,
, that is a function of the volatility of the risky asset and the reinsured proportion.
2) The case of the reinsured proportion: it found that the optimal reinsured proportion is a function of price of the risky asset and the amount made available for investment in the risky asset, given by
Conclusions
We considered the optimal investment problem for a reinsurer who grants insurance cover to insurance investors as proportional reinsurance purchase. It was assumed that claim process is driven by the constant elasticity of variance model. The reinsurer makes investments in two assets: a risk-free (bond) asset and a risky (stock) asset. The reinsurer aims at obtaining an optimal investment strategy and optimal proportion he can accept for reinsurance considering the correlation and none correlation of the Brownian motions, when he has exponential utility preference. The application of the Ito's lemma gave room to obtaining the required Hamilton-Jacobi-Bellman Equations (HJB). The application of suitable conjecture based on the homogeneity of the objective function, the restriction and the terminal condition helped in our obtaining the required optimal investment strategy and optimal reinsured proportion.
We found that the optimal investment strategies differed by the fraction, It is recommended that dependency on horizon, volatility of the risky asset, price of the risky asset and the reinsured proportion should be adequately monitored if the reinsurer should be solvent.
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